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Abstract. The nonisothermal single-component theory of droplet nucleation (Alekseechkin, 2014) is 
extended to binary case; the droplet volume V , composition x , and temperature T  are the variables of 
the theory. An approach based on macroscopic kinetics (in contrast to the standard microscopic model of 
nucleation operating with the probabilities of monomer attachment and detachment) is developed for the 
droplet evolution and results in the derived droplet motion equations in the space ),,( TxV  - equations for 
dtdVV /≡& , x& , and T& . The work ),,( TxVW  of the droplet formation is calculated; it is obtained in the 
vicinity of the saddle point as a quadratic form with diagonal matrix. Also the problem of generalizing the 
single-component Kelvin equation for the equilibrium vapor pressure to binary case is solved; it is 
presented here as a problem of integrability of a Pfaffian equation. The equation for T&  is shown to be the 
first law of thermodynamics for the droplet, which is a consequence of Onsager’s reciprocal relations and 
the linked-fluxes concept. As an example of ideal solution for demonstrative numerical calculations, the 
o-xylene-m-xylene system is employed. Both nonisothermal and enrichment effects are shown to exist; 
the mean steady-state overheat of droplets and their mean steady-state enrichment are calculated with the 
help of the D3 distribution function. The qualitative peculiarities of the nucleation thermodynamics and 
kinetics in the water-sulfuric acid system are considered in the model of regular solution. It is shown that 
there is a small kinetic parameter in the theory due to the small amount of the acid in the vapor and, as a 
consequence, the nucleation process is isothermal.      
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1. Introduction 
 
 Despite decades of development, the theory of binary nucleation is still attractive and topical. One of 
the challenges to the accuracy of the theory is non-ideality of a new phase solution, since there is no exact 
analytical dependence of the chemical potential of a component of such solution on the composition, 
)(xiµ . Non-ideality also leads to the specific effect revealed in the past [1, 2] by the numerical solution of 
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thermodynamic equations: in a vapor mixture of two substances, e.g. water and sulfuric acid, nucleation 
arises even at partial pressures of these substances less than their saturation pressures at the given 
temperature (i.e. when both the substances are “undersaturated” for the formation of droplets of pure 
components); furthermore, nucleation occurs at an extremely small amount of sulfuric acid in the vapor. 
Of course, exact analytical description of this effect is problematic due to the lack of the exact 
dependence )(xiµ . However, a qualitative explanation based on the simple model of regular solution can 
be done, which is demonstrated in the present report.   
 Systematic theoretical study of binary nucleation starts from the classical work by Reiss [3], where 
the single-component kinetic theory by Zeldovich and Frenkel [4, 5] was generalized to the binary case. 
The main features of the model used in this paper are as follows. The new phase embryo (the droplet of 
solution) is described by the numbers 1N  and 2N  of monomers constituting it; the probabilities of 
attachment and detachment of each kind monomers, )(+iw  and 
)(−
iw , are introduced and the flux of 
embryos in the two-dimensional ),( 21 NN -space is considered. The nucleation work ),( 21 NNW  is the 
saddle surface in this space, so that its normal section in the direction of the flux of embryos is the 
nucleation barrier; the direction itself is chosen by Reiss as the steepest descent one, i.e. it is determined 
by thermodynamics only. More accurate later studies [6-8] showed that kinetics also “participates” in the 
selection of this direction – the diffusivities in kinetic equations deflect the flux of nuclei from the 
steepest descent, so that the flux direction is self-consistently determined by both thermodynamic and 
kinetic parameters. 
 The method of the work [7] was subsequently extended [9] to an arbitrary number of variables }{ iX  
(one of them, 1X , is unstable) and the following equation for the steady state nucleation rate was 
obtained: 
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where T  is the temperature of the system; 
∗
W  is the nucleation work of the critical nucleus. The work 
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The quantity 111
−h  in Eq. (1) is the matrix 1−H element; 1κ  is the negative eigenvalue of the matrix Z  of 
the nucleus motion equations near the saddle point 
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where D  is the matrix of “diffusivities” in the Fokker-Planck equation for the distribution function of 
nuclei ); ..., ,( 1 tXXf n . The quantity 0C  is the normalizing factor of the one-dimensional equilibrium 
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distribution function )( 1Xfe ; it is determined in the framework of a statistical mechanical approach [10-
12].  
 The microscopic model with the probabilities )(+iw  and 
)(−
iw  mentioned above seems to be natural in 
the processes of droplet nucleation; therefore, it has become basic for the works on binary nucleation. In 
addition, the finite-difference kinetic equations underlying it are convenient for numerical simulations of 
nucleation [13-14]. On the other hand, this model also has some shortcomings. First, there exist 
difficulties with normalizing the equilibrium distribution function ),( 21 NNfe , since the variables 1N  and 
2N  are physically equivalent (there is no stable and unstable variables). The search for ways of 
normalizing this function led to the need to “break the symmetry” of these variables, i.e. to go to the new 
variables 21 NNN +=  and )/( 211 NNNx +=  [9, 15]. The roles of the variables N  and x  are quite 
different: N  is an unstable variable, whereas x  is a stable one. Thus the process of binary nucleation in 
these variables becomes a process with linked fluxes [16]. Accordingly, normalization of the function 
),( xNfe  with respect to x  is performed with the help of the fluctuation theory, whereas the result of the 
one-dimensional theory is employed for normalizing this function with respect to N . The function 
),( 21 NNfe  is then obtained from the function ),( xNfe  by the inverse transformation of variables.  
 Second, the given model does not allow investigating the “viscosity effect” in droplet nucleation 
[17], since it results in differential growth equations of the first order, whereas a second-order differential 
equation for an unstable variable is required for studying this effect. Third, this model is not universal for 
nucleation generally. For example, knowledge of the probabilities )(+iw  and 
)(−
iw  is insufficient to 
describe the nucleation kinetics of vapor bubbles in a liquid. These probabilities determine the amount of 
vapor in the bubble, however, the bubble volume (unstable variable) can vary independently of the 
presence of vapor in it (in some limiting case, the vapor can be neglected at all [4]). 
 All these shortcomings are overcome, when the macroscopic approach is used, i.e. the approach 
based on macroscopic equations of motion of a nucleus in the space }{ iX , Eq. (3). Composition x  as a 
natural thermodynamic variable (the chemical potential depends on it) is one of the variables }{ iX ; it is 
shown below that the matrix H  has a diagonal form in this case, differently from the case, when the 
variables ),( 21 NN are used. Knowledge of the matrix Z  allows calculating the nucleating rate (the 
quantity 1κ ), the direction of the flux of droplets and their steady state distribution function. New 
advantages appear in the macroscopic approach as well, in particular, ease of studying the nonisothermal 
effect in nucleation [16, 18-24], as was demonstrated in the previous work [17]. In general, the 
mathematical formalism employed in the macroscopic approach is simpler than in the microscopic one.     
This approach was shown to be fruitful both in droplet and bubble nucleation [25, 26]. 
 Two results of the previous work [17] on droplet nucleation in a single component vapor are 
employed here. (i) The limiting “high-viscosity” case holds in the ideal gas approximation, so that the 
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differential equation for an unstable variable (the growth equation) is a first-order equation, i.e. equation 
for V& , R& , or N&  (V , R , and N  are respectively the nucleus volume, radius, and number of molecules). 
(ii) The diffusion coefficient in a gas is sufficiently large (the estimates are made therein), so that the 
droplet growth is interface controlled. It was shown that the usual growth of a droplet in pure vapor and 
the diffusion growth in the presence of an inert background gas lead to the same growth equation. For 
these reasons, the equation for N&  obtained in this work is employed here for each of the species: 
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where iP0  is the partial pressure of component i  in the vapor; eiP  is the equilibrium pressure of 
component i  for the droplet of radius R , temperature T , and composition x ; 0T  is the vapor 
temperature; 23/2 4 RgV pi=  is the droplet surface area, 3/13/2 )4(3 pi=g ; ii mkTu pi2/0=  is the mean 
velocity of the molecule (of the mass im ) moving towards the droplet; iβ  is the condensation coefficient 
of the i -th species molecules which is the fraction of accommodating molecules from the incident flux 
(the fraction )1( iβ−  is reflected back to the vapor). So, the thermodynamic part of the problem, in 
addition to the standard task of determination of the matrix H  in Eq. (2), also includes the determination 
of the quantities eiP  (or generalization of Kelvin’s equation to a solution). 
 The paper is organized as follows. Section 2 is the thermodynamic part of the paper. Here the work 
of droplet formation and its second differential at the saddle point (the matrix H ) are calculated. Also the 
partial equilibrium pressures eiP  included in Eq. (4) are determined. With the help of these pressures, 
different relations between the state parameters of the critical droplet and the vapor are further derived, in 
particular, the critical droplet radius for the given vapor state is determined. These relations are applied 
for ideal and regular solutions. The kinetic part of the problem (Section 3) includes writing the droplet 
motion equations and deriving the matrix Z . The relation between the ),,( TxV - and ),,( 21 ENN -theories 
is also shown here and kinetic limits within the ),,( TxV -theory are examined. The droplet flux direction 
in the D3 space and the steady state distribution function are calculated in Section 4. With the help of this 
function, the two nucleation effects – the mean overheat of droplets and their mean enrichment – are 
evaluated for two model systems. The summary of results is given in Section 5.   
 
2. Thermodynamics of binary droplet formation 
 
2.1. Work near the saddle point 
 
The parameters of the vapor consisting of two components are denoted by the subscript 0: the 
temperature 0T , the pressure 0P , and the first component fraction 0x . The droplet state is characterized by 
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the temperature T , the pressure P , and the first component fraction NNxx /11 =≡ , 21 NNN += ; the 
second component fraction is xx −= 12 .  Let ),,,( 21 NNPTG  be some extensive quantity of the droplet. 
Below its specific (per one molecule) quantity NGxPTg /),,( =  and the partial specific quantities 
ijNPTi
i N
G
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are used. As the quantity G , the volume V  and the entropy S  of the droplet are used here: 
∑
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 The chemical potentials of components in the droplet and in the vapor are ),,( xPTiµ  and 
),,( 0000 xPTiµ , respectively. The conditions of equilibrium of the critical droplet (its parameters are 
denoted by asterisk) with the vapor are 
0TT =∗                                                                         (7a) 
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),,(),,( 0000 xPTxPT ii µµ =∗∗∗ ,  2 ,1=i                                           (7c) 
Just as the equation ),()/2,( 00000 PTRPT µσµ =+  for a single component vapor determines the 
dependence )(0 RP  (Kelvin’s equation) and from it the critical radius ∗R  for given 0T  and 0P , the system 
of Eqs. (7c) with account for Eqs. (7a) and (7b) determines the critical radius 
∗
R  and the critical droplet 
composition 
∗
x  for the given 0T , 0P , and 0x .  
 The work of forming an embryo in a multicomponent system and its second differential at the saddle 
point are [25, 27] 
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where iN  and iS  are the one-sided superficial quantities: the number of i -th species particles and entropy 
of the cluster, respectively; 
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where 3/4)9/2()3/( −
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 From the following equations 
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Thus the unstable (extensive) variable V  is naturally determined by Eq. (9). Hence, the positive 
definite quadratic form given by Eq. (11) is a function of stable (intensive) variables T , P , and x ; the 
quantities ),,( xPTsi  and ),,( xPTiυ  are functions of these variables.  
In order to transform the last addend in Eq. (11), we note that 
N
dN
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N
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xdx 21)1( −−=                                                             (12) 
Further, 
( ) ( ) 2,2
2
1
1,1 dNddNddxdN PT
i
PTii µµµ∑
=
+=′                                              (13) 
The isothermal-isobaric Gibbs-Duhem equation reads: 
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 In order to transform the expression in square brackets in Eq. (11), we employ the generalized Gibbs-
Duhem equation for the extensive quantity G , 
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If G  is Gibbs’ free energy, then iig µ=  and  Eq. (16) is the usual Gibbs-Duhem equation 
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Substituting SG =  and VG =  in Eq. (16) and employing the familiar thermodynamic relations 
TCTS PP /)/( =∂∂  and PT TVPS )/()/( ∂∂−=∂∂ , where PC  is the heat capacity of the droplet of 
composition ),( 21 NN  at constant pressure, we have 
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 It is easy to derive the following identities for the equation of state ),,( xTVPP =  of a binary 
solution: 
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This pair of equations generalizes the familiar single-component identity for the equation ),( TVPP = , 
Eq. (19a). Obviously, the condition of constant jN  in Eqs. (18a) and (18b) results in the condition of 
constant x . 
 With the help of the relation  
T
P
VP PV
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and Eq. (19a), one obtains from Eqs. (18a) and (18b) (the subscripts jN  and x  are omitted for brevity) 
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It is easy to check with the help of Eq. (19a) that the determinant of the matrix of the quadratic form 
),( dTdPH  is identically equal to zero.  Thus, allocating a complete square, we have 
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(we remember that all derivatives are calculated at constant jN  and, consequently, at constant N ). Here 
the transition from P  to υ  has been done.  
 In summary, Eq. (9) acquires the form 
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It is seen from here that the required matrix H  is a 44 ×  diagonal matrix. Further we employ the usual 
approximation of incompressible liquid, 0)/(
,
=∂∂ xTPυ , i.e. ∞=υυh ; the variance of the quantity υ  is 
0)( 102 ==− −∗ υυυυ hkT . Thus we have the thermodynamic limit with respect to υ  [9], this variable drops 
out of consideration (the dimensionality is reduced by unity) and H  is 
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 It is seen from Eq. (6) that the partial volumes iυ  do not depend on P  in the approximation of 
incompressible liquid; in Eq. (19b) 0)/(
,
=∂∂ xTPυ  and 0)/( , =∂∂ TPx υ , whereas TPx ,)/( ∂∂υ  is obviously 
finite.  
 Positiveness of the element xxh  is provided by the thermodynamic condition of stability 01 >′µ . The 
thermodynamic limit ∞→xxh  corresponds to transition to the single component ),( TV -theory; 
accordingly, it is realized for the pure first ( 1→
∗
x ) or second ( 0→
∗
x ) component. In the latter case, we 
have for a dilute solution xkTPTxPT ln),(),,(1 +=ψµ , ∞→=′ ∗∗ xkT /01µ  at 0→∗x . 
 
2.2. Equations of equilibrium for the critical binary droplet 
 
2.2.1. The case of composition-independent surface tension  
 
 Considering Eq. (7c) (asterisk is omitted) in the differential form oii dd µµ =  at constant 0T  (i.e. 
supersaturation in the system is created by changing 0P  or 0x ), we have 
( ) i
i
iLi dx
x
kTdPdxPPd 0
0
0
000 +=′++ υµυ                                                           (25) 
where the compositional dependence of the ideal-gas chemical potential, ixkT 00 ln , was used. Further, we 
neglect by the first term in the left-hand side, in view of 0υυ <<i , and express the right-hand side via the 
partial pressures, 0001 xPP = , )1( 0002 xPP −= , employing the equation of state 000 / PkT=υ : 
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So, we have a Pfaffian equation for the vector field kjiF −+′= )/()/( 00 kTkT ii υµ  in the space 
)ln,,( 0iL PPx=r . The necessary and sufficient condition for integrability of a Pfaffian equation by one 
relation ),(00 Lii PxPP =  is 0)( =FFrot . The particular case of this condition is 0=Frot , or gradU=F , 
i.e. the field is potential. We have 
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In droplet nucleation, the condition 0PPL >>
∗
 is satisfied; thus, we can assume that iµ  does not depend on 
0P  and )()( Lii PP µµ =  (neglect of 0dPiυ  in Eq. (25) can be also attributed to this approximation). So, 
0ln/ 0 =∂′∂ ii Pµ ; 0ln/ 0 =∂∂ ii Pυ  in view of incompressibility and  
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Hence, the third component of rotation is also zero. As a result, 0=Frot  and Eq. (26) has the form 
0=dU ; its solution is constU = . 
Integrating Eq. (26) from the state ( ∞=R , 1=ix ) to the current state ( R , x ), we get 
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where ),(~ 0 PTiµ  is the chemical potential of the pure liquid i -th component; )( 0TPsi  is the equilibrium 
vapor pressure over a large amount of the pure liquid i ; iq  is the heat of vaporization per one molecule. 
From here, 
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where iA  are the activities defined by relation ii AkT ln0=∆µ . For the flat interface, Eq. (29) gives the 
familiar definition of activities si
sol
ii PPA /
)(
0=  which is employed for their experimental determination; 
)(
0
sol
iP  is the equilibrium pressure of the i -th species over a large amount of the solution of composition 
x . 
 Eq. (29) is a generalization of Kelvin’s equation to solutions. It is important in the above analysis that 
the variables LP  and x  are independent, which means that the surface tension does not depend on x . 
 
2.2.2. The case of composition-dependent surface tension 
 
 The problem of thermodynamic consistency in the case of a composition-dependent surface tension 
was discussed in literature in past [28, 29]. Here it is formulated as a problem of integrability of a Pfaffian 
equation. When the surface tension depends on composition, we have RxxPL /)(2)( σ=  (σ  also may 
depend on R ) and 
dxPdRPdP xLRLL ,, ′+′= ,  RPP LRL ∂∂≡′ /, ,  xPP LxL ∂∂≡′ /,                                    (30) 
Eq. (26) acquires the form 
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We have the vector field kjiF −′+′+′= )/)(()/( 0,0, kTPkTP ixLiRLi µυυ  in the space )ln,,( 0iPxR=r  and   






∂
′∂
−
∂
′+′∂
∂
′∂
∂
′+′∂
−=
x
P
R
P
P
P
P
P
kT
rot RLiixLi
i
RLi
i
ixLi )()(
  , 
ln
)(
,
ln
)(
 
1
,,
0
,
0
,
0
υµυυµυ
F                            (32) 
If the dependence of the surface tension on 0P  is neglected, then the first and second components of Frot  
are equal to zero; the third component can be transformed as follows: 
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 So, Eq. (31) is not integrated by one relation. It is integrated by two relations )(Rx  and )(Rz , where 
iPz 0ln≡ . The function )(Rx  id defined arbitrarily, Eq. (31) then converts to an ordinary differential 
equation for )(Rz . In other words, we integrate Eq. (31) with respect to R  as an ordinary differential 
equation keeping in mind that the quantity x  is a function of R . The dependence )(Rx  in fact is not 
arbitrary; this is the dependence of the critical nucleus composition on its radius which has to be 
determined from the final generalized Kelvin’s equations. When R  changes from ∞  to the current R , x  
changes from )( ∞=≡
∞
Rxx  to )(Rx . Integrating Eq. (31), we get 
∫∫∫
∞
′+=






′+



′+′=
∞∞
)(
0
,,
0
0
0 ))(())(()(ln
Rx
x
iL
P
Li
R
ixLRLi
i
i dxdPPxdR
dR
dx
dR
dxPPRx
xP
PkT
L
µυµυ                    (34)         
 Consider the case, when iυ  does not depend on x  and the compositional dependence of the chemical 
potentials does not involve pressure (this means that PTii x ,)/( ∂∂≡′ µµ  does not involve LP as a parameter 
and thereby does not depend on x  via )(xPL ), i.e. the activities do not depend on pressure: 
),(ln),(),,( 0000 xTAkTPTxPT iii += µµ . Then  
∫
∞
∞∞
∆−∆=−=′
)(
)())(()())((
Rx
x
iiiii xRxxRxdx µµµµµ                                                 (35)   
Employing )/)(exp()()( 000 kTxTPxP isii ∞∞ ∆= µ , we get finally 






=





 ∆+
=
RkT
x
xTATP
kT
xTRxTPP iisiiisii
0
00
0
0
00
)(2
exp),()(),(/)(2exp)( συµσυ                                (36) 
i.e. equation of the same form as Eq. (29). Whereas iυ  may depend on x  in Eq. (29), but σ  does not 
depend on it, in Eq. (36) the situation is reverse.  
 So, we have the system of equations 
  













=−






=
RkT
x
xTATPPx
RkT
x
xTATPPx
s
s
0
2
020200
0
1
010100
)(2
exp),()()1(
)(2
exp),()(
συ
συ
                                                        (37) 
Dividing the second equation by the first one, restoring asterisk and introducing the designations 
1
2
s
s
s P
P
≡γ ,  
si
i
i P
PA 00 = ,  
01
02
0 A
AA ≡  ,  
1
2
A
AA ≡ ,  1221 υυυ −≡ ,  sA
x
x γ0
0
01
=
−
 
we get the following explicit dependence )(
∗∗
xR : 
1
0
0
0
21
, ),(ln
)(2)(
00
−
∗
∗
∗∗ 





=
TxA
A
kT
x
xR xT
συ
                                                        (38) 
from where the desired dependence 
00 ,
)( xTRx ∗∗  is obtained by inversion.  
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 In a single-component case, 
1
0
0
ln2
−
∗ 





=
sP
P
kT
R υσ                                                                      (39) 
 
The equality ),( 00 TxAA ∞=  corresponding to ∞=∗R  determines the quantity ∞x . The solution of Eq. 
(38) exists for ),( 00 TxAA ∗> ; thus at constant 0T  and 0x , the ratio AA /0   plays the role of 
“supersaturation” for binary nucleation in the sense of the single component supersaturation sPP /0 . 
Different pairs ),(
∗∗
xR  in Eq. (38) correspond to different values of the total pressure 0P  (which is 
determined from any of Eqs. (37) for the given ),(
∗∗
xR -values), just as 
∗
R  in Eq. (39) depends on 0P . 
 If the dependence 
00 ,
)( PTRx ∗∗  (at constant 0T  and 0P ) is required, then Eqs. (37) are added; the 
resulting equation of the form ),,( 00 ∗∗= RxTfP  is a transcendental equation for the desired dependence. 
Different pairs ),(
∗∗
xR  in this case correspond to different values of 0x . 
 Returning to general Eq. (34) and doing in the similar way, we arrive at some integral equation for 
the dependence 
00 ,
)( xTRx ∗∗ . Thus, some explicit and simple relations can be obtained only in the case 
when either σ  or iυ  does not depend on composition.  
 
2.2.3. Application to ideal and regular solutions 
  
 In the present report, the approximation with constant iυ  and σ  is employed as the first step in 
constructing a self-consistent multivariable theory. This is a good approximation for ideal solutions; some 
estimates with a composition-dependent surface tension will be made for a regular solution for 
comparison. As an example of ideal solution, the o-xylene-m-xylene system is used; its parameters are 
given in Table 1. As an example of regular solution, the mixture of water with some hypothetical 
substance is used; the sulfuric acid parameters are employed for this substance (Table 2). This does not 
mean the attempt to describe adequately the properties of the 422 SOHOH −  solution by the regular 
solution model; the aim is only to obtain a qualitative picture of the nucleation process. The two main 
properties of sulfuric acid – very small saturation pressure 2sP  and large heat of solution – result in some 
interesting peculiarities of the nucleation process discussed below.  
 We have for an ideal solution xA =1  and xA −= 12 . Division of one of Eqs. (37) (with constant σ ) 
by another gives  
∗
∗
−
=
−
∗ x
xT
x
x
R
1)(1 0
0
0 γ                                                                              (40) 
 from where the following relations between the compositions of the critical droplet and vapor are 
obtained: 
 12 
0
0
,0 )1(1)( 0 x
x
xx
R
R
RT
−+
=
∗
∗
∗∗ γ
γ
 ,   )1()( ,0 0
∗∗
∗
∗
−+
=
∗
∗ xx
x
xx
R
RT γ
 ,   
∗
∗
≡
RkT
sR TT 0
212
00 e)()(
συ
γγ                 (41) 
With the help of equation sAxx γ000 /)1( =− , we get also 
12
0,
0
21
00
e1)(
−
−
∗∗








+= ∗RkTxT ARx
συ
,  
1
0
0
21
, 1
ln2)(
00
−
∗
∗
∗∗ 





−
=
x
xA
kT
xR xT
συ
                                  (42)           
Adding Eqs. (37), one obtains 
)/2exp()/2exp(
)/2exp()(
022011
0220
, 00
∗∗
∗
∗∗
−
−
=
RkTPRkTP
RkTPPRx
ss
s
PT συσυ
συ
                                           (43) 
 Finally, the following equation for determining the critical radius ),,( 000 xPTR∗  corresponding to the 
given vapor state can be derived from the above relations: 
( )[ ]00
02
0
2
1)(1)(e
0
2
xT
TP
P
R
s
RkT
−+=
∗
∗ γ
συ
                                                                (44) 
 According to the regular solution definition, its excessive volume and entropy (the differences of the 
values of these quantities for regular and ideal solutions) are equal to zero; the entropy itself is the same 
as that for an ideal solution, i.e.  
0=∆υ ,   0=∆s ,   [ ])1ln()1(ln)1)(,(~),(~),,( 21 xxxxkxPTsxPTsxPTs −−+−−+=               (45)                                           
where ),(~ PTsi  is the entropy of pure liquid i . 
The distinction from ideal solution is only due to the heat of solution, so that the excessive enthalpy 
and Gibbs’ potential (per one molecule) are 
)1( xxgh −Ω=∆=∆                                                                            (46) 
where Ω  is the characteristic parameter. 
 It is clear that the parameter Ω  must be constant in order to satisfy the regular solution definition. If 
the dependence ),( PTΩ  is accepted, then the finite values of υ∆  and s∆  are inevitably appear: 
TxT P
xx
P
g






∂
Ω∂
−=





∂
∆∂
=∆ )1(
,
υ ,  
PxP T
xx
T
g
s 





∂
Ω∂
−−=





∂
∆∂
−=∆ )1(
,
 ,  











∂
Ω∂
−Ω−=∆
PT
Txxh )1(  (47) 
This version can be considered as some generalization of the regular solution concept and a more realistic 
model. However, here the standard definition with constant Ω  is employed.  
 So, the chemical potentials and activities are 
[ ]200101 )1(ln),(~),,( xxkTPTxPT −++= ωµµ ,  [ ]200202 )1ln(),(~),,( xxkTPTxPT ωµµ +−+=           (48a) 
2)1(
1 e)( xxxA −= ω ,  
2
e)1()(2 xxxA ω−= ,  0/ kTΩ≡ω                                            (48b) 
The case of 0<ω  is considered here (the heat of solution is released); Eq. (38) acquires the form 
1
0
0
21
, )(ln
2)(
00
−
∗
∗∗ 





=
xA
A
kT
xR xT
συ
,    
)21(
e
1)( x
x
x
xA −−= ω                                          (49) 
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The 0P -value corresponding to the pair ),( ∗∗ Rx  is obtained from any of Eqs. (37), say, the first: 
2
0
1
)1(
2
1
0
0 ee
1
∗∗
−−
∗
=
xRkT
s xP
x
P ω
συ
                                                                   (50) 
Eq. (41) is replaced by the following one: 
)21(,0
e)1(
)(
0 ∗
∗
∗ −
∗∗
∗
∗
−+
=
x
R
RT
xx
x
xx
ωγ
                                                           (51) 
 The parameter ω  for the 422 SOHOH −  system evaluated form the data on the heat of solution [30] 
according to Eq. (46) depends on x , which means that this system is not described by the regular solution 
model; 25=ω  as some characteristic value is employed below for calculating the nucleation kinetics .  
 The dependence 
00 ,
)( xTRx ∗∗  according to Eq. (49) with )586.0(σσ =  is shown in Fig. 1b for 
1.00 =A  and the corresponding partial pressures given in Table 2. The function )(xA  is descending, 
hence, the dependence 
00 ,
)( xTxR ∗∗  exists in the interval 1<< ∗∞ xx . The saturation pressure of sulfuric 
acid is very small, so that 510~ −sγ . From the equality sAPP γ00102 / =  it is seen that extremely small 
values of the acid partial pressure 02P  are obtained for sufficiently small values of 0A  (e.g. 80102 10~/ −PP  
for 30 10
−
=A ), nevertheless, nucleation occurs even for such small acid concentrations – Eq. (49) gives 
the sufficiently small 
∗
R -values required for nucleation. The physical reason of this phenomenon is a 
negative heat of solution which means that the free energy of the system decreases, when the solution is 
formed. In unary nucleation, the system free energy decreases when the postcritical droplet grows; 
0→
∗
R  only at the highest degree of supersaturation (near the spinodal). In the considered case, even the 
formation of the simplest complex consisting of two molecules of different species already reduces the 
free energy  – Eq. (49) formally gives non-physically small values of 
∗
R  at usual atmospheric conditions, 
when each of the species is undersaturated in the sense of a pure substance. 
 The compositional dependence of the solution surface tension )(xσ  was obtained by the cubic spline 
interpolation of nine experimental points at CT o 200 =  [30]; it is not monotonic and has a maximum, 
2
max / 29.77)743.0( cmerg== σσ  (Fig. 1a). The dependence 00 ,)( xTRx ∗∗ calculated according to Eq. (38) 
is shown in Fig.1b by dashed line. 
 
3. Kinetics of binary nucleation  
    
3.1. Droplet motion equations in the ),,( TxV -space 
  
     The general form of the motion equations in the vicinity of the saddle point is 
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




−−−−−−=
−−−−−−=
−−−−−−=
∗∗
∗∗
∗∗
)()()(
)()()(
)()()(
0
0
0
TTzxxzVVzT
TTzxxzVVzx
TTzxxzVVzV
TTTxTV
xTxxxV
VTVxVV
&
&
&
                                                 (52)                                                       
Equations for the stable variables can be also represented as [25] 



−−−−=
−−−−=
∗
∗
)()(
)()(
0
0
TTxxVaT
TTxxVax
TTTxT
xTxxx
λλ
λλ
&&
&&
                                                              (53) 
Such a representation allows identifying the characteristic parameters ikλ  governing the nucleation 
kinetics; in particular, as shown below, the kinetic limits are determined just by these parameters.  
From comparison, the matrix Z is 










++
++=
TTVTTTxVxTVVT
xTVTxxxVxxVVx
VTVxVV
zazaza
zazaza
zzz
λλ
λλZ                                                                (54) 
 The conditions of symmetry of the matrix 10 
−
= ZHD kT  result in equations 
11 −−
= VVVVxxxVx hzahz ,  
11 −−
= VVVVTTTVT hzahz  ,  )()( 11 TxVxTxxxTVTxTT zahzah λλ +=+ −−                             (55)  
from where  
xx
VV
VV
Vx
x h
h
z
z
a = ,    
TT
VV
VV
VT
T h
h
z
z
a =                                                                         (56) 
The third of Eqs. (55) with account for Eqs. (56) converts to Onsager’s relation for the matrix Λ : 
11 −−
= xxTxTTxT hh λλ . 
 Eq. (53) for T&  can be also transformed as follows:  
)()( 0TTxbVaT EEVTT −++= λ&&& ,   )()()( 0TTxxx xTxxV −−−−= ∗ λλ&                                (57) 
from where  
xxTTx b λλ = ,  EE
xx
xTTx
EExTTTT b λλ
λλλλλ +=+= ;    
xx
EE λλ
Λ
=
det
,   EExxTxxTTTxx λλλλλλ =−=Λdet        (58)                      
 
3.2. Derivation of the matrix Z  
 
 Eqs. (4) are used for deriving the matrix Z . The values of equilibrium pressures eiP  are given by Eq. 
(29) or Eq. (36) for arbitrary R  and T : 





 ∆++−
=
),,(21
e),,(
TxR
R
q
kT
iei
i
i
i
cTxRP
µσυ
                                                     (59) 
iP0  in Eqs. (4) are the current partial pressures in the vapor. Also the following equations are employed: 
   2211 NNV &&& υυ +=                                                                       (60a) 
21
1 N
N
xN
N
x
x &&& −
−
=                                                                     (60b) 
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Expanding the right-hand sides of Eqs. (4) near the saddle point up to linear terms (the quantities 
σ  and υ are assumed constant) and employing Eq. (60a), we find the elements VVz , Vxz , and VTz . After 
simple transformations, they can be represented as follows: 
∗+−= LVV Pz )( 21 ξξ ,    
∗
≡
RP
xu
0
2
1
011
1 ζ
βξ ,   
∗
−
≡
RP
xu
0
2
2
022
2
)1(
ζ
βξ ,   
i
i υ
υζ 0≡                              (61a) 






−−
−
′
=
∗∗
∗
∗∗
2
2
1
11 )1(
1
3
υ
ξ
υ
ξµ
xx
x
V
zVx                                                            (61b) 






+=
∗ 2
2
2
1
1
13 qqkVzVT υ
ξ
υ
ξ
,    
0
0 /22/
kT
hRkTqq iiii
∆−−−
≡
∗
συ
                            (61c) 
where    iii sTh ∆+∆=∆ 0µ  is the partial (differential) heat of mixing; xPiii Tsxss ,)/(]~)([ ∂∆∂−=−≡∆ µ . 
For both ideal and regular solutions, 
iii xkTPsxTPs ln),(~),,( −= ,    iii xksxs ln~)( −=−                                         (62) 
Hence, 



−
=
∆
regular       , )1(
ideal                 , 0
2
0 i
i
xkT
h
ω
                                                                  (63) 
The integral heat of mixing is 21 )1( hxhxh ∆−+∆=∆ ; 0=∆h  for ideal solution, as it must, and 
)1( xxh −Ω=∆  for regular solution, in accordance with Eq. (46). So, the quantity iq  for ideal solution has 
the same form as in a single component case. For regular solution, 0>∆− h , since 0<Ω , i.e. this addend 
increases iq . As was shown in unary nucleation [17], the quantity q  determines the heating of the droplet 
in the process of its growth due to the release of the condensation heat q . Here this effect is enhanced by 
the additional release of the mixing heat ih∆ . 
 In the case of a composition-dependent surface tension, Eq. (61b) would include the terms 
∗∗
≡ RkTdxdl ii 0/)/(2 συ  alongside with ∗′iµ . The assessment for the interpolated dependence )(xσ  
mentioned above and Table 2 parameters gives 4.22/ 01 ≈′∗ kTµ  and 7.31/ 02 ≈′− ∗ kTµ , whereas 3.11 ≈l  
and 8.32 ≈l .   
   The elements of the second row of the matrix Z  are obtained from Eq. (60b) in the similar way. In 
particular, the element xVz  is 






−−−=
∗∗
∗
∗
2
2
1
1)1(
υ
ξ
υ
ξ
xx
N
P
z LxV                                                            (64) 
On the other hand, the value of xVz  is dictated by the symmetry conditions; Eqs. (54) and (56) give 
xxVVVxVVxxV hhzzaz /== . Substituting here VVh  and xxh  from Eq.(24) and employing Eq. (61b), we arrive 
at the same Eq. (64), i.e. the necessary condition of self-consistency of the theory is satisfied. From the 
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known xVz , an explicit form of the quantity VVxVx zza /=  is found. Similarly, equation 
TTVVVTTV hhzz /=  determines TVz  and then VVTVT zza /= : 
)(
//)1(
21
2211
ξξ
υξυξ
+
−−
=
∗
∗∗
N
xx
ax ,    
21
2221110 //
ξξ
υξυξ
+
+
=
∗
qq
C
kT
a
V
T                                       (65) 
The matrix Λ  elements xxλ  and xTλ  are found from the known xxz and xTz : Vxxxxxx zaz −=λ , 
VTTxTxT zaz −=λ . The element Txλ  is found from the symmetry condition TTxxxTTx hh /λλ =  and 
determines TxVxTTx zaz λ+= ; the parameter TTλ  is calculated according to Eq. (58). The second condition 
of self-consistency is the physical meaning of the equation for T&  as an energy balance equation, from 
where the remaining parameter EEλ  is determined. As a result, the matrices Z  and Λ  are 
      






















+














+











−−
−
′






+−






−−





+−
−
′






−−−






+





−−
−
′
+−
=
∗
∗
∗∗∗
∗
∗∗
∗
∗
∗∗
∗
∗
∗∗
∗∗
∗∗
∗∗
∗
∗
∗∗∗
∗
∗∗∗
EE
VVV
L
L
L
qq
C
VTkqxqx
C
kT
x
Vqq
C
kTP
qxqx
N
kV
xx
xN
V
xx
N
P
qqkVxx
x
VP
λξ
υ
ξ
υυ
ξ
υ
ξµ
υ
ξ
υ
ξ
υ
ξ
υ
ξ
υ
ξ
υ
ξµ
υ
ξ
υ
ξ
υ
ξ
υ
ξ
υ
ξ
υ
ξµξξ
2
2
2
2
1
2
1
10
2
22
2
2
12
1
101
2
2
2
1
1
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22
2
2
12
1
1
2
2
22
2
1
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2
2
1
1
2
2
2
1
1
1
2
2
1
11
21
3)1()1(
3
)1(3)1()1(
3)1(
3)1(
1
3)(
Z
(66) 
 
 














+





−
+






−
+−
′






−
++−
′
=Λ
∗
∗∗
∗
∗
∗∗
∗
∗
∗∗
∗∗
∗∗
EE
VV
qq
C
VTkqq
Cx
kTV
qq
N
kV
xN
V
λ
υυξξ
ξξ
υυ
υ
υυξξ
ξξµ
υυ
υ
υυξξ
ξξ
υυ
υ
ξξ
ξξµ
2
2
2
1
1
21
210
2
212
2
1
1
21
2101
212
2
1
1
21
21
2
2
2
1
2
21
211
)(
3
)()1(
3
)(
3
)()1(
3
                       (67) 
It is seen that always 0det >Λ  due to Eq. (58) and 0 , EE >λλxx . Thus the condition of positiveness of 
Λdet  does not impose any restrictions on nucleation kinetics. 
 Now all equations are available in order to represent Eq. (57) for T&  as an energy balance equation. 
From Eq. (58), 






−=
∗
2
2
1
1210
υυυ
υυ qqN
C
kTb
V
T                                                                       (68) 
The condition of constant V  (or 0=V& ), according to Eq. (60a), results in the equality 2211 NN && υυ −= . 
Employing this equality in Eq. (60b), we have 
2
1
1
2
)( N
N
N
N
x V
&&&
υ
υ
υ
υ
−==                                                          (69) 
The product VT xb )( &  can be represented in the “symmetric” form as follows: 
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[ ]
2211
21
122211
2
2
1
10)(
NNV
VT
NNqq
C
kT
xb
&&
&&
&
υυ
ξξ
ξυξυ
υυ
−=
∗ +
+−






−−=                                      (70) 
Eq. (57) with account for Eqs. (60a), (65), and (70) converts to the following one: 
)()( 022110 TTCNqNqkTTC VEEV −−+= ∗∗ λ&&&                                                  (71a) 
or 
          dropdWdQdE += ,  dN
kTdTCdE V 2
0
−= ,  2
2
1
1
0
22 dN
R
dN
R
dNkTdWdrop
συσυ
−−−= , 
  dtTTCdNhqdNhqdQ VTT )()()( 0222111 −−∆−+∆−= λ ;  )( 00000 υυυ −≈−=− iPPkT                           (71b)                              
Eq. (71a) is the expected energy balance equation; TCE V && ∗=  is the critical droplet energy change per 
unit time, )( 22110 NqNqkT && +  is the energy change due to the release of the condensation and mixing heats, 
)( 0TTCVEE −− ∗λ  is the energy change due to the heat exchange with the vapor according to Newton’s law. 
Hence, 
∗∗
∗
∗
==
RcC
R
VV
EE ρ
α
α
piλ 34
2
,   
∗
∗
≡
υ
ρ 1 ,  
∗
∗
=
N
C
c VV                                               (72) 
where α  is the heat transfer coefficient [20], 
)2/()1()2/()1( 0 2202220110111 kcukcu VV +−++−= ρββρββα εε                                  (73)  
Here iεβ  are the thermal accommodation coefficients for each species; oiρ  are the partial densities of the 
vapors; 0Vic  are the heat capacities of the vapors. If a passive gas is present in the system, then the 
corresponding term is added to Eq. (73).  
 It should be noted that iN& , according to Eq. (4), is the result of action of the two opposite processes – 
condensation and evaporation. Hence, 0>iN&  and the droplet is heated, when it grows in both 
components. This fact should be kept in mind, when Eq. (71a) is analyzed. The last term in Eq. (71a) 
describes the relaxation of the droplet temperature to its equilibrium value due to the heat exchange with 
the vapor; this heat exchange is performed by reflected molecules, accordingly, Eq. (73) contains the 
fractions )1( iβ−  of such molecules. The droplet temperature plays a crucial role in its growth, which is 
seen from Eq. (59). We have for the o-xylene-m-xylene system 15/ 0 ≈kTqi , 2.2/2 0 ≈∗RkTiσυ , i.e. the 
first term dominates. When the droplet temperature increases, the pressure eiP  increases also and iN&  
decreases. At some droplet temperature, its growth with respect to the i -th species is stopped and 
continues only after cooling due to interaction with the vapor. Thus, the droplet growth is controlled by its 
temperature to a great extent; this fact causes the nonisothermal effect in nucleation considered below. 
 The droplet growth (the increase of R ) increases both 1N&  and 2N& . The change in the droplet 
composition also affects its growth velocity via )(xiµ∆ , according to Eq. (59). When ix  decreases, iP0  
decreases also and iN&  increases. In other words, the deviation of the i -th species concentration from its 
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equilibrium value 
∗ix  to smaller values causes the increase of the growth rate with respect to this 
species; and conversely, the deviation of ix  to larger values causes the decrease of the corresponding 
growth rate. However, this effect works together with the above temperature effect, so that e.g. the 
increase of the growth rate in the first case can be diminished by the droplet heating.  
 Eq. (71b) is the first law of thermodynamics for the droplet. Thereby the relation between Onsager’s 
symmetry conditions (Eqs. (55)) and the first law of thermodynamics revealed earlier in bubble 
nucleation [25] is also confirmed in droplet nucleation. Eq. (71b) for dQ  is the heat balance for the 
droplet: the full heat received by the droplet consists of the condensation and the mixing heats minus the 
heat given to the vapor ( 0TT > ). The origin of )( 0kT−  in dropdW  and )2/( 0kT−  in dE  resulting in the 
quantity )2/( 0kT−  in Eq. (61c) for iq  is explained in Ref. [16] as the work done to keep the vessel at 
constant pressure and the energy per one molecule which must be given back from the droplet to the 
vapor in order to keep the latter at constant temperature, respectively. Both these terms and, as a result, 
the quantity )2/( 0kT−  in iq  are written therein from physical reasoning. It is worthy to note that here Eq. 
(61c) for iq  is a consequence of Eqs. (4) and (59). The basic model of nucleus formation developed in 
Ref. [25] and resulting in Eqs. (8) and (9) implies that both the temperature 0T  and the pressure 0P  of the 
parent phase remain constant at the nucleus formation and evolution. We see that the mentioned terms 
)( 0kT−  and )2/( 0kT−  in Eqs. (71b) ensure the fulfillment of this condition, i.e. there is the “feedback” 
between the basic model and resulting equations. All these facts also speak in favor of the self-
consistency of the theory.          
 
3.3. Reformulation of the theory in the ),,( 21 ENN -variables 
 
 The aim of this Section is to show the consistency of the theory with the usually used approach in the 
),,( 21 ENN -variables. The matrix elements ji NNz , EN iz , etc. are denoted below by ijz , iEz , etc. for 
brevity. So, the equations of motion have the form 





−−−−−−=
−−−−−−=
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∗
∗∗
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∗∗
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∗∗
)()()(
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E
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&
                                           (74) 
)(2211 ∗−−+= EENaNaE EEEE λ&&&                                                               (75) 
From these equations, one follows 
2211111 EEE azazz += ,  2221122 EEE azazz += ,  EEEEEEEE azazz λ++= 2211                             (76) 
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 In order to derive the matrix ),,( 21 ENNH , we have to express the derivatives of the function 
),,( 21 ENNW  via the derivatives of the function ),,( TxVW  with the help of relations 
221121 ),( NNNNV υυ += ,  )/(),( 21121 NNNNNx += , and dTCdE V∗= , e.g. 
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Computing the second derivative and taking it at the saddle point, we obtain the element 
∗
∂∂= )/( 21211 NWh . Doing in the similar way, we get 
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Thus, the matrix is not diagonal, which reflects the physical equivalence of the variables 1N  and 2N . 
 From Eqs. (60a) and (60b) one obtains 
υ
υ xNVxN &
&
& 2
1
+
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2
)1( −−
=                                                       (78) 
These equations are employed for computing the matrix ),,( 21 ENNZ . Doing as before, we have 
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Substituting here Eq. (78) for 1N&  and taking the given derivative at the saddle point, we get the element 
∗
∂∂= )/( 1111 NNz & . The remaining elements are calculated similarly; as a result, 
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 The symmetry conditions of the matrix 1 ),,(),,(0),,( 212121
−
= ENNENNENN kT HZD , 

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 give three equations 
1222222111121211 hzhzhzhz −=+−                                                              (81a) 
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
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Eq. (81a) after some transformations gives the symmetry condition xVxxVxVV zhzh =  for the matrix Z . 
Eqs. (81b) with account for Eqs. (76) give the system of equations for determining 1Ea  and 2Ea : 
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Solving it by Cramer's rule, one obtains 
DDaE /11 = ,  DDaE /22 =                                                                         (83a) 
where D  is the determinant of this system and 
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It is not difficult to get 
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 Calculation of Eia  by these formulae with the use of Eq. (66) yields the quite expected result: 
iEi qkTa 0=                                                                              (84) 
From equation TTVTTTTEE zazz λ+==  and Eq. (76) for EEλ , one obtains 
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in accordance with Eq. (67). So, Eq. (75) is the energy balance equation, as it must.  
 The explicit form of the diffusion matrix, Eq. (80) is following: 
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The general form of the matrix ),,( 21 ENND  is the same as obtained in Ref. [9] (Eq. (50b) therein) from the 
linked-fluxes analysis. Eqs. (86a) and (86b) generalize the corresponding equations of a single component 
nucleation [17]. 
 Finally, the explicit form of the matrix ),,( 21 ENNZ  can be easier obtained from Eqs. (77) and (86a). In 
particular, the first two equations of motion are 
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3.4. Kinetic limits 
 
 The negative eigenvalue 1κ  of the matrix Z  is a solution of equation 
0det)( 23 =−+− ZZ κκκ BSp                                                            (88) 
where TTVTTxxVxxVV zazazSp λλ ++++=Z , Λ= detdet VVzZ , 
xTTTxxVVxTVTVx zB ZZZZ det)(detdetdet ++=++= λλ ; 
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are the main minors of the matrix Z . 
 We have 
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 The condensation coefficients iβ  are obviously functions of composition; they enter in the matrix Z   
at the critical composition, )(
∗
xiβ .  In order to simplify the problem and obtain some characteristic 
dependences, we put βββ ≡= 21  for ideal o-xylene-m-xylene system and consider β  as a free parameter 
of the theory. The dependence )(1 βκ  which is in essence the dependence of the nucleation rate on β  is 
shown for this system in Fig. 2. It is seen that this dependence is asymmetric and has a maximum at 
2.0≈β . For comparison, the similar dependence for the unary nucleation in water vapor is shown; it is 
more asymmetric and the maximum is located at 1.0≈β .  
 In the considered 422 SOHOH −  system, the amount of the second component in the vapor is very 
small, 0102 ρρ << , 512 10~/ −ξξ , so that 2β  practically does not affect the nucleation and the water 
condensation coefficient 1β  is a free parameter of the theory. The function )( 11 βκ  for this system is also 
shown in Fig. 2.  
 So, the kinetics of binary nucleation is governed by three parameters: VVz , xxλ , and TTλ  (or EEλ ). In 
comparison with unary nucleation, the new kinetic parameter xxλ  appears. Similarly to the parameter TTλ  
which characterizes the rate of temperature relaxation at constant V  and 
∗
= xx , the parameter xxλ  
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characterizes the rate of composition relaxation at constant V  and 0TT = . The parameter VVz  
characterizes the rate of droplet growth; the parameter EEλ  is the rate of heat exchange between the 
droplet and the vapor. Different kinetic limits in binary nucleation are due to different limiting ratios 
between the above parameters. 
Isothermal limit is ∞→TTλ ; this means physically that the parameter TTλ  is much greater than the 
other parameters in ZSp  (this limit is realized, in particular, in the case of 0→iβ ). We can use the 
formal way [26] – divide Eq. (88) by TTλ  and take the mentioned limit. As a result,  
                1→
TT
Sp
λ
Z
,  VxxxVxxVV
TT
SpzazB Z=++→ λλ ,   xxVVTT
z λλ →
Zdet
 
and Eq. (88) converts to 
0det)(2 =+− VxVxSp ZZ κκ                                                                    (91) 
which is the required isothermal equation of binary nucleation. Its solution is 
{ }VxVxVxiso SpSp ZZZ det4)(21 2 −−=κ                                                         (92) 
As in unary nucleation, nonisothermal effect is characterized by the ratio 
isoisoI
I
κ
κψ 1=≡                                                                                  (93) 
The dependences )(βψ  and )( 1βψ  for the considered systems are shown in Fig. 3. 
 Further limits within the isothermal case are determined by interrelations between VVz  and xxλ . The 
unary nucleation limit ∞→xxλ , or VxxVVxx zaz  ,>>λ , leads to the conditions VxVxSp ZZ det)( 2 >>  and 
0>VxSpZ ; Eq. (92) has the following asymptotics in this case: 
 VV
xxVxxVV
xxVV
Vx
Vx
iso z
zaz
z
Sp
=
++
== λ
λ
κ
Z
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                                                            (94) 
which is the one-dimensional value. Indeed, a large value of xxλ  means that any deviation of the droplet 
composition from 
∗
x  rapidly relaxes, i.e. the droplet grows with constant composition 
∗
x . In other words, 
we have the one-dimensional growth; the variable x  falls out from consideration, only the variable 
V remains. 
 In the opposite limit 0→xxλ , or VxxVVxx zaz  ,<<λ , under the same condition 0>VxSpZ , Eq. (94) 
yields 
xx
VxxVV
VV
Vx
Vx
iso
zaz
z
Sp
λκ
+
==
Z
Zdet
                                                             (95) 
 The unary limit ∞→xxλ  of the ),,( TxV -theory can be considered similarly to the above limit 
∞→TTλ  . Eq. (88) in this limit converts to the equation of the single-component nonisothermal theory 
0det)(2 =+− VTVTSp ZZ κκ                                                              (96) 
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considered in detail in the previous work. The solution )(βκ x  of this equation is shown in Fig. 2. It is 
close to the dependence )(1 βκ  of the ),,( TxV -theory despite the fact that xxλ  is not much greater than 
the other terms in ZSp ; it is seen from Table 1 that xxλ  and VVz  are of the same order of magnitude. This 
means that the characteristic times of volume change and composition change are the same and the 
composition has a chance to adjust to the change in volume. As a consequence, the process does not differ 
greatly from a unary-nucleation process. The discussed dependences differ at 4.0<β  and coincide at 
4.0>β  . Nonisothermal effect increases with increasing β  ( TTλ  decreases) and this fact is seen to make 
the theory unary, as a consequence of the relation between thermal and compositional effects discussed 
above.    
 The asymptotic form of 1κ  in the limits 0→xxλ  or 0→EEλ  within the ),,( TxV -theory can be 
obtained from Eq. (90a). The expected result is xxλκ ~1  or EEλκ ~1 , respectively, similarly to Eq. (95). 
This result agrees with the general rule that the nucleation rate is determined by the slowest kinetic 
process in the system. Employing this fact and keeping in Eq. (88) only the terms of the first order of 
smallness,  κB  and Zdet , we immediately get 
xx
EEVV
B
z
B
λλκ == Zdet1   or   EExxVVB
z λλκ =1                                                (97) 
where the condition 0>B  is implied. The limit 0→EEλ  is realized at 1→iβ  for both species. Both Eqs. 
(95) and (97) express the limiting effect of kinetic processes on nucleation: the nucleation rate tends to 
zero together with the corresponding kinetic parameter.  
As was mentioned above, 12 ξξ <<  in the considered 422 SOHOH −  system; hence, according to Eq. 
(67), 2~ ξλxx  and xxλ  is much less than the other terms in ZSp  (see Table 2). Thus the limit 0→xxλ  
holds, and both Eqs. (90a) and (97) give the same values, e.g. 193.1)1.0(1 −=κ . The dependence )( 11 βκ  
for this system shown in Fig. 2 has a plateau form; the difference in the 1κ -values corresponding to 
different 1β -values is in the third decimal place. Thus it is practically constant in the almost whole region 
10 1 << β  and tends to zero at 01 →β  and 11 →β . This means that the nucleation rate in the given 
system practically does not depend on both the condensation coefficients, however, 1β  cannot be put 
equal to unity, as is usually done. At 11 →β , the nucleation rate tends to zero together with 1κ  as a 
consequence of nonisothermal effect ( 0→EEλ  in the second Eq. (97)).  
 
4. Steady state distribution function of droplets 
 
4.1. Direction of the flux of droplets 
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 For studying the distribution function of droplets, we use the dimensionless variables 
∗∗
−= VVVy /)(1  , ∗−= xxy2 , and 003 /)( TTTy −= . As before, the matrix elements ji yyz , etc. are denoted 
by ijz , etc. The matrices Z  and H  change as follows: 
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 The flux direction is the unit eigenvector ),,( 312111 ccc=e  of the matrix Z  corresponding to 1κ , i.e. 
eZe 1κ= . In expanded form, this matrix equation is the system of three equations for the vector e  
components. The third equation is a consequence of the first two equations, since 0det =Z  is the 
equation for eigenvalues. The first two equations are 

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Solving this system by Cramer’s rule, we have 
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The vector e  is a unit vector, hence, equation 1231
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The quantities iic θcos1 =  are the direction cosines of the vector e , thus  Eqs. (100) and (101) determine 
the flux direction. 
 Consider the limiting case when xxλ  is much smaller than the other terms in ZSp . As was noted 
above, xxλκ ~1  in this case; hence, xxxx λκλ ~)( 1− . Expanding Eqs. (100) and (101) in this small 
parameter to linear terms with account for Eq. (54) for the matrix elements, the following asymptotics can 
be obtained: 
)1(
0
21
xxbaD
D λ+= ,  xxcD
D λ=
0
31
,  ( ) 





+
−+=
−
xx
a
ba
ac λ2
2
2/12
11 1
11 ,  ( ) 



+
++=
−
xx
a
b
aac λ2
2/12
21 1
11 ,  
( ) xxacc λ2/1231 1 −+=                                                                                                                                 (102)  
where a , b , and c  are some constants. It is seen that 0cos 331 →= θc  at 0→xxλ , i.e. 2/3 piθ →  and the 
flux lies in the ),( xV -plane. In other words, the nucleation process is isothermal in this limit. Further, 
( ) 2/12lim1lim11 1cos −+== ac θ , ( ) 2/12lim1lim21 1sin −+== aac θ , and atg =lim1θ  is the limiting flux direction at 
0→xxλ . 
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 The limiting direction can be also determined within the ),( xV -theory with the help of the matrix 
VxZ , Eq. (89). The flux direction in a D2  theory is [9] 
{ }2112211221122
12
4)()(
2
1
zzzzzz
z
tg +−−−=θ                                             (103)  
Expanding this expression in the small parameter xxλ  and implying VVVxx zza > , we get the following 
limit at 0→xxλ :                                 
12
11lim
z
z
tg =θ                                                                            (104) 
from where 1211 / zza = . Eq. (104) can be also applied to calculating the limiting flux direction in the 
single component ),( TV -theory at 0→TTλ  ( 1→β ) , which is the strongly nonisothermal case. This 
limiting direction calculated numerically in the previous work coincides with that given by Eq. (104).  
 In our case, the matrix H , Eq. (24), has diagonal form; hence, 
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Expansion of the work in the direction e  (with the use of the directional derivative )()( re W∇ ) is [9] 
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where the vector ),,( 321 yyy=r  is parallel to the vector e ; 23133221222111111 )( chchchh ++=′ e  is the element of 
the matrix HCCH T=′ ; C  is the matrix of transition to the new system of coordinates with the vector e  
as the first basic vector, accordingly, the components ),,( 312111 ccc  form the first column of the matrix C . 
The quantity )(11 ebh κ≡′ is the curvature of the nucleation barrier, or the curvature of the normal 
section of the D3  saddle surface in the direction e .  Eq. (105) is the expansion of the work in arbitrary 
direction of the vector r . Applying it to the direction e  and comparing with Eq. (106), we get again 
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which is known from the differential geometry Euler’s formula for the normal section curvature. 
 So, expansion of a multivariable work in the direction e  yields one-dimensional Eq. (106), where the 
quantity )(11 eh′ , the nucleation barrier curvature given by Euler’s formula, generalizes the usual second 
derivative of the one-dimensional theory.   
 
4.2. Distribution functions 
 
The multivariable steady state distribution function )(rsf  is [9]: 
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With account for the above equations, 
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 The equilibrium distribution function is 
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where 0
2 3/4 kTRW
∗∗
≡′ piσ  is the dimensionless nucleation work; iζζ ~  is the factor from the statistical 
theory [10]. The nucleation rate values for both the considered systems given in Tables were calculated 
with account for this factor. Eqs. (108)-(110) express the distribution of droplets via the saddle surface 
geometry and the flux direction.  
 The droplet distributions on stable variables in the saddle point vicinity δδ <<− 1y  are defined as 
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where δ  is the characteristic half-width of the critical region in 1y . Hence, the temperature and 
composition distributions are  
∫
+∞
∞−
= ),()( 3223 yyfdyyf ss , ∫
+∞
∞−
= ),()( 3232 yyfdyyf ss ,  
2
3332
1
33
3 e2
)( yhe
hyf −=
pi
,  
2
2222
1
22
2 e2
)( yhe
hyf −=
pi
   (112)            
The mean steady-state overheat T∆  and enrichment x∆  are  
∫
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=−=∆ 33300 )( dyyfyTTTT s ,    ∫
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∗
=−=∆ 222 )( dyyfyxxx s                             (113) 
The functions )( 3yfs  and )( 2yfs  together with the corresponding equilibrium functions are shown in 
Fig.4 for the o-xylene-m-xylene system. It is seen that the function )( 3yfs  is shifted relatively the 
function )( 3yfe  to higher temperatures, i.e. there is the mean overheat of droplets which is shown in Fig. 
5 as a function of the condensation coefficient. The smaller shift of the function )( 2yfs  relatively )( 2yfe   
to lower compositions is observed in Fig. 4, which corresponds to the enrichment of droplets by the 
second species in the steady state; the absolute value of this enrichment is shown in Fig. 6 as a function of 
β . Despite the fact that the absolute value of x∆  is small (of the order of 310− ), the relative values 
0/TT∆  and ∗∆ xx /  are of the same order of magnitude. Obviously, T∆  and x∆  depend on δ ; 
25.0=δ  was put for both the considered systems. Both the overheat and enrichment are greater for larger 
droplets. The calculated flux direction at 1.0=β  is as follows: o095.21 =θ , o111.912 =θ , and 
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o224.883 =θ . It is seen that the flux is in negative direction with respect to the x -axis ( 2/2 piθ > ), 
from where x∆  is negative.  
It was noted in the previous work that the dependences )(βT∆ , )(βψ , etc. are sharp for β -values 
less than about 1.0  and smooth for 1.0>β . Here the similar behavior takes place for the o-xylene-m-
xylene system, but the characteristic value of β  is about 2.0 . It is seen from Fig. 2 that both these β -
values correspond to the maximum nucleation rate.   
The enrichment by the second species is maximum at 0→β  (the isothermal limit); it is due to the 
difference in the growth rates 1N&   and 2N& . Mathematically the origin of the enrichment within the D2  
),( xV -theory operating with the matrix VxZ , Eq. (89), is quite similar to the origin of the mean droplet 
overheat in the single component ),( TV -theory operating with the matrix VTZ .  
As noted above, the droplet temperature and composition simultaneously affect the growth rates iN& ; 
from here the correlation of these quantities in the steady state follows which can be called the kinetic 
correlation in contrast to the thermodynamic correlation which is absent here ( 0=xTh  in Eq. (24)). The 
correlator ( )( )3322 yyyy −−  can be calculated with the steady state distribution function ),( 32 yyfs ; 
e.g. it is equal to 610273.5 −×  for 1.0=β . Equation )()()( 0TTxbT EEVTV −+= λ&&  following from Eq. (57) 
and relating the changes in temperature and composition is the analytical expression of the kinetic 
correlation. This equation also leads to appearing the new parameter EEλ  in addition to TTλ . It is seen 
from Eq. (85) that the difference between these parameters is due to the differences in iq  and in iυ for 
both species; it vanishes for identical substances, 21 qq =  and 21 υυ =  (the unary nucleation limit). Indeed, 
EETT λλ =  in unary nucleation [17]. The relation between x∆  and T∆  is shown graphically in Fig. 7. 
The same quantities, x∆  and T∆ , for the 422 SOHOH −  system are shown in Figs. 5 and 6. As 
was shown above, the limiting case 0→xxλ  takes place here due to the small amount of acid component 
in the vapor phase and, as a consequence, the nucleation process is isothermal; the function )( 1βψ  in Fig. 
3 is equal to unity. The calculated dependence )( 1βT∆  confirms this fact: 34 1010~ −− −∆T  up to 
9.01 =β  and only at 1β -values close to unity it becomes percentages of the degree, since the EEλ -value 
becomes small and nonisothermal effect begins to manifest itself. The isothermal character of the process 
is also confirmed by the calculated angles o026.11 =θ , o974.882 =θ , and o999.893 =θ  for 1.01 =β . Thus 
the flux vector lies in the ),( xV -plane, i.e. the process is described by the D2  ),( xV -theory; the obtained 
1θ -value is close to the limiting flux direction (Eq. (104)) o031.1lim1 =θ  for 1.01 =β . Since this property 
of the nucleation process is only due to the small fraction of acid in the vapor, it will remain in more 
realistic (beyond a regular solution) models also.   
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The mean enrichment )( 1βx∆  is positive here and has about the same values as in the previous o-
xylene-m-xylene example. The values of )( 1βx∆  would seem to be greater than in the previous case in 
view of the smallness of xxλ  (which means the slow kinetics of composition change). However, we have 
the large value of xxh  here, 322 103.2 ×≈h  versus 17922 ≈h  for the previous case. Thus, large deviations 
of the composition from 
∗
x  are “forbidden” by thermodynamics. Also )( 1βx∆  is practically constant in 
the wide range in 1β  except the vicinity of 11 =β , where it decreases and even changes the sign. In 
whole, the behavior of the dependences )( 1βx∆  and )( 1βT∆  is similar.   
  
 
5. Summary and conclusions 
 
 The single-component ),( TV -theory is naturally extended to a binary case by introducing the 
additional stable variable – droplet composition x . The work W  of droplet formation in the ),,( TxV -
theory is a quadratic form with diagonal matrix. Macroscopic growth equations of the droplet underlie the 
presented approach. They include the equilibrium partial pressures eiP  of each species for the droplet of 
solution of an arbitrary radius and temperature; these pressures in the single-component case are given by 
Kelvin’s equation. The problem of deriving the equations for these pressures in a binary case is presented 
here as a problem of solving of a Pfaffian equation. It is shown that an explicit generalization of Kelvin’s 
equation to a binary case can be done if either the droplet surface tension or the partial molecular volume 
does not depend on composition; the required equations are obtained for both these cases. Equations for 
eiP  also serve for deriving different relations between thermodynamic parameters of the droplet and the 
vapor being in equilibrium. In this way, such an important relation as the dependence of the critical 
droplet composition on its radius is obtained, as well as the critical radius itself is calculated for the given 
vapor state.    
 The droplet motion equations in the ),,( TxV -space – equations for V& , x& , and T& - in the near-critical 
region are written on the basis of the previously developed algorithm [25] with the help of the 
macroscopic growth equations mentioned above. The characteristic kinetic parameters governing the 
nucleation kinetics are determined with the help of this algorithm; Onsager’s reciprocal relations are 
employed for calculating these parameters as well. The equation for T&  obtained in this way is an energy 
balance equation, or the first law of thermodynamics for the droplet, which speaks in favor of the self-
consistency of the theory. One more feature of the self-consistency is given by transition from the 
),,( TxV - to ),,( 21 ENN -variables; the meaning of the equation for T&  is confirmed as well as the derived 
equation for the diffusion tensor is a clear extension of the corresponding single-component equation. The 
matrix Z  of the motion equations determines the droplet flux direction in the vicinity of the saddle point 
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of the D3  hypersurface ),,( TxVW ; the nucleation barrier curvature in this direction is given by 
Euler’s formula. The matrix Z  negative eigenvalue 1κ  is included by the nucleation rate and therefore 
determines the nucleation kinetics. The limiting effect of kinetic processes on nucleation is shown by 
considering different limiting cases with respect to the kinetic parameters. Nonisothermal effect 
decreasing the nucleation rate in comparison with the isothermal one is also the manifestation of the 
limiting character of the kinetic process – the heat exchange between the droplet and the vapor. 
 As an example for demonstrative numerical calculations, the two systems are employed: ideal o-
xylene-m-xylene and regular water-sulfuric acid systems. Though the latter solution is not described 
quantitatively by the regular solution model, some qualitative features of the nucleation kinetics can be 
understood within this simple model; they are due to the two main characteristics of the acid – very small 
saturation pressure and large mixing heat. The calculations show that the nucleation kinetics in the o-
xylene- m-xylene vapor is qualitatively the same as in the unary theory; the difference only in that the 
enrichment effect appears alongside with the nonisothermal effect. Thus, both the mean overheat of 
droplets and their mean enrichment exist in the steady state. These quantities are related to each other, 
since the droplet growth equations include both the temperature and composition via the partial 
equilibrium pressures eiP .  
 The nucleation kinetics in the water-sulfuric acid vapor essentially differs from that in the o-xylene-
m-xylene system. Here there is one small kinetic parameter xxλ  due to the small amount of the acid in the 
vapor. As a consequence, (i) the parameter 1κ  and the nucleation rate are proportional to xxλ  and (ii) the 
nucleation process is isothermal in the almost whole range of the condensation coefficient values except 
the vicinity of 11 =β ; the mean steady-state enrichment is constant in the same interval. This result 
allows using the isothermal theory for studying the nucleation kinetics in the given system with more 
realistic models. 
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parameters 
siP , 
Torr 
iζ  
 
iξ , 
g/cm s ∗RkT
i
0
2 συ
 
iq  
 
0P , 
Torr 
0x  σ , 
erg/cm2 
0
Vc  Vc  1u , 
cm/s 
o-xylene 4.88 2.92×103 0.040 β  2.24 15.13 
m-xylene 6.14 2.87×103 0.041 β  2.28 14.8 
  
51.8 
 
0.5  
 
29 
 
14 k  
 
22 k  
 
6.05×103 
 
∗
R , 
nm 
∗
x  
∗
N  VVz , 
1−s  
xxλ , 
1−s  
TTλ , 
1−s  
I , 
cm
-3
 s
-1 11
h  22h  33h  ∗′W  
1.285 0.568 44    3.67×106 4.9×106 2.9×107 6.4×106 33.0 179.2 967.1 49.5 
 
 
Table 1. Physical properties of the o-xylene-m-xylene system at the temperature CT o 200 =  together with 
calculated nucleation parameters (kinetic parameters are given for 1.0=β ). 
 
 
 
parameters 
siP , 
Torr 
iA0  iP0 , 
Torr 
i0ρ , 
cm
-3
 
iξ , 
g/cm s 
iq  iVc
0
 
kcV /  ω  
water 23.78 2.7×10-2 0.64 2.07×1016 8.2×10-5 1β  20.5 3.2 k  
sulfuric acid 5×10-4 2.7×10-3 1.35×10-6 4.4×1010 6.4×10-10 2β  24.7 8.7 k  
 
12.3 
 
25 
 
∗
R , 
nm 
∗
x  
∗
N  VVz , 
1−s  
xxλ , 
1−s  
TTλ , 
1−s  
I , 
cm
-3
 s
-1 11
h  22h  33h  )( ∗= xσσ , 
erg/cm2 
∗
′W  
0.817 0.586 42    1.4×104 48.6 1.7×105 1.6×103 30.5 2.3×103 516.6 67.46 45.8 
 
 
Table 2. Physical properties of the 422 SOHOH −  system at the temperature CT
o
 250 =  together with 
calculated nucleation parameters (kinetic parameters are given for 1.01 =β ). 
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Fig.1. (a) Cubic-spline dependence of the 422 SOHOH − -solution surface tension on composition at 
Co 20  built by experimental points [30]. (b) Dependence of the critical composition on radius, Eq. (49), 
for the constant surface tension 46.67)586.0( == σσ  (solid) and the composition-dependent surface 
tension given in Fig. (a) (dashed).  
 
 
 
 
 
 
 
 
Fig. 2. Dependences 61 10)( −×βκ , 1−s , for the o-xylene-m-xylene system (solid 1); 610)( −×βκ x  in the 
unary limit, solution of Eq. (96) – dashed; )( 11 βκ for the 422 SOHOH −  system (solid 2), and 51 10)( −×βκ  
for the unary nucleation in water vapor studied in the previous work (1′ ).       
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Fig. 3. Nonisothermal effect isoII /)( =βψ  for the o-xylene-m-xylene system (1), )( 1βψ  for the 
422 SOHOH −  system (2), and for the unary nucleation in water vapor (dashed). 
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Fig. 4. Steady state (solid) and equilibrium (dashed) distributions of droplets on temperature (a) and 
composition (b), Eqs. (112). 
 
 
 
 
 
 
 
Fig. 5. Steady-state mean overheat of droplets in the near-critical region δδ <<− 1y , 5.2=δ , for the o-
xylene-m-xylene system (1) and for the 422 SOHOH −  system (2) as a function of the condensation 
coefficient. 
 
 
 
 
 
 
 
 
 37 
 
 
Fig. 6. Steady-state mean enrichment of droplets in the near-critical region, for the o-xylene-m-xylene 
system (1) and for the 422 SOHOH −  system (2) as a function of the condensation coefficient. 
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Fig. 7. Absolute value of the mean enrichment versus the mean overheat for the o-xylene-m-xylene system.  
 
  
  
 
 
 
